This paper considers the leader-follower control problem for a linear multi-agent system with directed communication topology and linear nonidentical uncertain coupling subject to integral quadratic constraints (IQCs). A consensustype control protocol is proposed based on each agent's states relative to its neighbors and leader's state relative to agents which observe the leader. A sufficient condition is obtained by overbounding the cost function which guarantees a suboptimal bound on the system consensus control and tracking performance. The effectiveness of the proposed method is demonstrated using a simulation example.
I. INTRODUCTION
In recent years, theoretical studies of distributed coordination and control for multi-agent systems have attracted much attention in the literature, with broad applications in various areas including unmanned air vehicles (UAVs), formation control, flocking, distributed sensor networks, etc. [1] . As a result, much progress has been made in the study of cooperative control of multi-agent systems [2] , [3] , [4] .
Efforts have recently been made to consider the leaderfollowing consensus problem. For example, the leaderfollowing consensus problem for higher order multi-agent systems is presented for both fixed and switching topologies in [5] . In [6] , distributed observers are designed for the system of second-order agents where an active leader to be followed moves with an unknown velocity, and the interaction topology has a switching nature. The consensusbased approach to observer-based synchronization of multiagent systems to the leader has been explored in [7] , [8] .
A common feature of the above literature on leaderfollowing consensus-based control problems is that interactions between agents are not considered. However, in many physical systems, interactions between agents are inevitable and must be taken into account. Examples of systems with a dynamical interaction between subsystems include power systems and spacecraft control systems [9] . This necessitates considering systems of interconnected agents.
In this paper, the leader-follower control problem for multi-agent systems coupled via linear unmodelled dynamics is considered. Coupling among the agents is regarded as an uncertainty and is described in term of time domain integral quadratic constraints (IQCs) [10] . The IQC modeling is a well established technique to describe uncertain interactions between subsystems in a large scale system [11] , [12] , [13] .
The main contribution of this paper is to propose a sufficient condition for the design of a guaranteed performance leader-follower control protocol for multi-agent systems with directed interconnection topology and a quite general linear uncertain coupling subject to IQCs. The sufficient condition is obtained by using a direct over-bounding technique and involves checking feasibility of parameterized linear matrix inequalities (LMIs).
The remainder of the paper proceeds as follows. In Section II of the paper, we set up the leader follower control problem for a multi-agent system with directed topology and nonidentical linear uncertain coupling and give some preliminaries. The main results are given in Section III. Section IV gives an example which illustrates the theory presented in the paper. Finally, the conclusions are given in Section V.
II. PROBLEM FORMULATION AND PRELIMINARIES

A. Graph theory
Consider a directed graph G = (V, E, A), where V = {1, 2, · · · , N } is a finite nonempty node set and E ⊆ V × V is an edge set of ordered pairs of nodes. The edge (i, j) in the edge set of an directed graph means that the node i can obtain information from node j. Node i is called a neighbor of node j if (i, j) ∈ E. The set of neighbors of node i is defined as N i = {j|(i, j) ∈ E}. G is a simple graph if it has no selfloops or repeated edges. If there is a directed path between any two nodes of the graph G, then the graph G is strongly connected. The adjacency matrix A = [a ij ] ∈ R N ×N of the directed graph G is defined as a ij = 1 if (i, j) ∈ E, and a ij = 0 otherwise. The in-degree matrix D = diag{d 1 , · · · , d N } ∈ R N ×N is a diagonal matrix, whose diagonal elements are
a ij for i = 1, · · · , N . Also, let q i = N j=1 a ji be the out-degree of node i. The Laplacian matrix of the graph is defined as L = D − A.
B. Problem Formulation
Consider a system consisting of N agents and a leader. All N agents are assumed to be linear dynamical agents, coupled with their neighbors via, in general nonidentical, linear uncertain coupling. The connection between N agents is described by a directed graph G 1 , with the node set V = {1, . . . , N }, an edge set E 1 and a corresponding adjacency matrix A 1 . The dynamics of the ith agent are described aṡ
where the summation is over the set S i of neighbors of node i in the graph G 1 . The notation ϕ ij (t, y(.)| t 0 ) describes a linear uncertain operator mapping functions y(s), 0 ≤ s ≤ t into ℜ m . Also, x i ∈ ℜ n is the state, u i ∈ ℜ p is the control input. We note that the last term in (1) reflects a relative, time varying nature of interactions between agents.
Let
Assumption 1: All the mappings ϕ ij (., .) satisfy the following assumptions:
such that for every t l , the following integral quadratic constraints holds
The sequence {t l } is assumed to be the same for all ϕ ij . The class of operators that satisfy these assumptions will be denoted by Ξ 0 . We note that matrices C ij are assumed to be fixed.
In addition to the system (1), suppose a leader is given. The dynamics of the leader, labeled 0, is expressed aṡ
where x 0 ∈ ℜ n is its state. The control communication topology between N agents is described by a directed graph G 2 , with the same node set V = {1, . . . , N }, but possibly different edge set E 2 and a corresponding adjacency matrix A 2 . The Laplacian matrix of the graph G 2 is denoted as L 2 . We assume throughout the paper that the leader node can be observed from a subset of nodes of the graph G 2 .
If the leader is observed by the node i, we extend the graph G 2 by adding the edge (0, i) with weighting gain g i = 1, otherwise let g i = 0. We refer to node i with g i = 0 as a pinned or controlled node. The diagonal matrix G = diag{g i } ∈ ℜ N ×N is commonly referred to as the pinning matrix. The system is assumed to have at least one agent connected to the leader, hence G = 0. Define error vectors as e i = x 0 −x i , i = 1, 2, . . . , N . Then dynamics of the synchronization errors satisfy the equatioṅ
In this paper we are concerned with finding a control protocol for each node i of the form
where K is the feedback gain matrix to be found, and T i is the set of neighbors of node i in the graph G 2 . As a measure of system performance, we will use the quadratic cost function,
where Q = Q ′ > 0 and R = R ′ > 0 are given weighting matrices.
Remark 1: In [14] we considered a different cost function,
Each addend in this cost function penalizes the ith system input, the disagreement between the ith and the jth system states, where j is a neighbor of i, as well as the tracking errors between the leader and the pinned agents which observe the leader. In contrast, the cost function (6) in this paper describes the cost on the tracking error between the leader and all of the followers and system input.
Taking linearity of the operator ϕ ij into account, the synchronization error dynamic (4) can be represented aṡ
).
(7)
The problem in this paper is to find a control protocol (5) which solves the leader following consensus control problem as follows:
Problem 1: Under Assumption 1, find a control protocol of the form (5) 
Here sup Ξ0 means that the supremum is taken over the set of all operators ϕ ij that belong to the class Ξ 0 of operators. Since Q > 0, then (8) implies ∞ 0 e i 2 dt < ∞ ∀i = 1, . . . , N.
Hence, solving Problem 1 implies synchronization of all agents to the leader in the L 2 sense.
III. THE MAIN RESULT
In this section, the main result of this paper is presented which is a sufficient condition for the system (1) to be able to track the leader with guaranteed tracking performance.
First we present the following result of [15] and some notation.
Assumption 2: The digraph G 2 contains a spanning tree and the root node i r obtains information from the leader node, i.e., g ir > 0. Let σ ′ be the maximum eigenvalue of H and σ = 1 2 σ ′ . Also let M = (L 2 +G) ′ (L 2 +G). According to Lemma 1, M is a positive definite and symmetric matrix. Let T ∈ ℜ N ×N be an orthogonal matrix such that
and denoteλ = max i (λ i ). For node i of the graph G 2 , intro-
. . , j di are the elements of the neighbourhood set S i , and r 1 , . . . , r qi are the nodes with the property (r s , i) ∈ E 1 ; d i and q i are the in-degree and the out-degree of node i, respectively, in the graph G 1 . Also, introduce the matrix R = (λ/σ)R.
Theorem 1: Let a matrix Y = Y ′ > 0, Y ∈ ℜ n×n , and constants ν ij > 0, µ ij > 0, j ∈ S i , i = 1, . . . , N , exist such that the following LMIs are satisfied simultaneously
where
,
Then the control protocol (5) with K = −(σ/λ)R −1 B ′ 1 Y −1 solves Problem 1. Furthermore, this protocol guarantees the following performance bound
IV. EXAMPLE
To illustrate the proposed method, consider a system consisting of three identical pendulums coupled by two spring-damper systems. Each pendulum is subject to an input as shown in Fig. 1 . The dynamics of the coupled system are governed by the following equations
Leader ← u1 u2 → u3 → Fig. 1 . Interconnected pendulums. where l is the length of the pendulum, a(t) and b(t) are the positions of the spring-damper, g is the gravitational acceleration constant, m is the mass of each pendulum, k 11 and k 12 are the spring constant and damping coefficient for the leftmost spring-damper pair, while k 21 and k 22 are the spring constant and damping coefficient for the rightmost springdamper pair. The position of the spring-damper can change along the full length of the pendulums and is considered to be uncertain, that is 0 < a(t) ≤ l, 0 < b(t) ≤ l.
In addition to the three pendulums, consider the leader pendulum which is identical to those given. Its dynamics are described by the equation
Choosing the state vectors as x 0 = (α 0 ,α 0 ), x 1 = (α 1 ,α 1 ), x 2 = (α 2 ,α 2 ) and x 3 = (α 3 ,α 3 ), equations (13) and (14) can be written in the form of (1), (3) , where
, The agents in this example are coupled according to the undirected graph shown in Fig. 2 , which is treated here as a special case of directed graph with symmetric adjacency matrix. On the other hand, the control communication topology of the system is assumed to be a linear directed graph shown in Fig. 3 . According to this graph, only agent 1 observes the leader. The Laplacian matrix of the graph G 2 consisting of nodes 1, 2 and 3 and the pinning matrix G are To illustrate the design based on Theorem 1, the trajectories of the coupled pendulum system with the obtained protocol were simulated. To this end, the parameters of the coupled pendulum system were chosen to be m = 0.25kg, l = 1m, g = 10m/s 2 , k 11 = 2N/m, k 12 = 1N/(m/s), k 21 = 4N/m, k 22 = 2N/(m/s), a = 0.5 sin(0.2t), b = 0.8 cos(0.1t). In the cost function, we let Q = I and R = 0.1. The problem (11) was found to be feasible and yielded the gain matrix K = [4.5206, 4.2657], with parameters ν 12 = 0.3268, ν 21 = 0.6009, ν 23 = 0.3007, ν 32 = 0.1433, µ 12 = 0.1451, µ 21 = 1.4300, µ 23 = 0.1066, µ 32 = 0.4016. The simulation results for this protocol are shown in Fig. 4 . We directly computed the performance cost (6) for the system to be J (u) = 2.3374. Relative angles (the top figure) and relative velocities of the pendulums with respect to the leader, obtained using the algorithm based on Theorem 1.
V. CONCLUSIONS
The consensus control for leader-tracking problem with guaranteed tracking performance for nonidentical uncertain coupled linear systems connected over a directed graph has been discussed in this paper. A sufficient condition was proposed by using the direct overbounding of the performance cost. According to the simulation results, the proposed method based on Theorem 1, which solves N coupled LMIs, guarantees a suboptimal performance.
